The characterization of the bulk energy density of the relaxation in
INTRODUCTION
In this paper we identify the bulk energy density of the relaxed energy when the class of admissible fields strictly contains the Sobolev space where the functional is known to be continuous. Precisely, let Q C R N be a bounded, open set, and consider a functional o for some constant C > 0 and 1 < p, g < -hoo. This growth condition guarantees continuity of F on W
1^.
We introduce the relaxed energies In the case where p > q one has (see [AF] , [B] , [D] , [M] )
T(u,U):= inf {liminf F(u n
,
T(u, U) = ^l oc (ti, I/) = / Q/(Vu) dx, Ju
where the quasiconvex envelope of / is defined by
Q/(O:=inf
It is clear that QF < F, and F is said to be quasiconvex if QF -F.
Here we treat the case where there is a gap between the space of admissible macroscopic fields, W 1^, and the space where continuity of the energy follows immediatly from growth hypotheses, W l ' q . As a prototype example, often occurring in models related to elastic cavitation, let d = N and Clearly sequences of deformations in W l ' N with bounded energy will be weakly compact in W l ' N~l but not necessarily in W l ' N . Here q = N and p = N -1. This example has been studied at length, and in particular we refer to [ADM] , [CDM] , [FMar] .
If p < q -q/N then one may have F(u,Q) -0 (see [BM] , [H] ), and in the case where p = q -q/N it may happen that ^"(u, •) is not even subbaditive (see [CDM] ). These degeneracies cannot occur if 1 < p < q and p > q -q/N. Within this range it was proven in [FMy] 
for all open sets U C £1. In addition, it can be shown easily that
A lower bound for the effective bulk energy density was obtained in [FMy] (see Theorem 4.1 and Corollary 4.2), precisely for all u e W ltP (Q;R d ) and for almost every x 0 6 ft. In this paper we obtain equality in (1.1). This result is achieved by using the global method for relaxation introduced by Bouchitte, Fonseca and Mascarenhas (see [BFM] Earlier results on lower semicontinuity for certain ranges p < q and with quasiconvex integrands were obtained by [Marl] , [Mar2] , and in the case of polyconvex energy densities and p > N -1, q = N, we refer to [ADM] , [CDA] , [CDM] , [DM] , [DMS] , [FH] , [G] , [Myl] , [My2] , [My3] .
PRELIMINARIES
In this section we introduce some notation and we recall some trace and extension theorems for Sobolev spaces. Also, throughout this work constants are designated by C and may vary from line to line, and B(xo,r) Let x 0 € R N and 0 < r 0 < n < r 2 < 2r 0 . We consider a linear, compact operator such that v is a trace of Ev. Since p > q -q/N the existence of E follows from standard Sobolev trace and compact embedding theorems.
Furthermore (see [FMy] , Lemma 2.2), for p > q -q/N there exists a linear, continuous extension operator where C -C(N,p,q,ro) and r = r(iV,p,g) > 0.
The following properties of maximal functions may be found in [S] . 
In ligth of the definitions of maximal function and of (2.3), it follows that (2.1) can be written as 
y-+x y-z
It was shown by Denjoy and Stepanoff that Lebesgue measurability is equivalent to approximate continuity (see [F] , Theorem 2.9.13).
Theorem. <f> : R N -> R is Lebesgue measurable if and only if it is approximately continuous at C N almost every point.
In the case where N = 1 this result may be improved as follows. 
Theorem. <j> : R -> R is Lebesgue measurable if it is right approximately

CH(x,x + e)nE) i™ CHB(x,e))
and so C 1 (B(x,e) nE) C 1 (B(x,e) nE) CHB(x,e)) thus proving that x £ E*.
CHARACTERIZATION OF THE BULK EFFECTIVE ENERGY DENSITY
The main result of this paper is the following. In the sequel we fix f,p and q satisfying the hypotheses of Theorem 3.1, and we consider a function u € W The proof of Theorem 3.2 is divided into a series of lemmas. B(xo,.) ) is approximately continuous at R,
The set of all good radii for u at x 0 is denoted by £ (u,x 0 
71-•OO
Fix € > 0 and let v n e W^B^o, #);R d ) be such that Tv n = u n and
Since B is a good radius for tx at xo, M($) and t/? are finite and approximately continuous at R. It follows that for any 6 > 0 there exists r € (R, R + 6)C) €(u, Xo) such that £(xo,r) C fi and 
Lemma. Lei xo € fi and il e f (tz,xo). Then
Fix e > 0 and let u n e W^ (B(x o 
be such that u n -it weakly in and lim F(u n , B(x 0 , i2)) < ^locCw, S(x 0 , #)) 4-e.
Let us tacitly assume that u n and u are represented in such a way that !*" = T[x 0 , r]u n , u = T[x 0 , r]u for every r € (0, R). By Rellich's compact imbedding theorem we have||u n -u|| p 0, hence there are a n -> oo and C such that sup / (\Vu n \ p + a n \u -u n \ p ) dx < C. 
Tl
Let 6 € (0, R) and define
Then E is a set of positive measure, and if r € E \ M then there is a subsequence u nk such that
Using Lemma 3.5 we conclude that 
Proof. Let e > 0. Since lZ(u,dB) = 0 and JF(V,-) is absolutely continuous with respect to C N , we may find 6 > 0 such that (3.6) ^ioc(w, S 6 ) 4-F(v, B n S 6 ) < e 10 where n By virtue of Rellich-Kondrachov compactness theorem we may suppose that
As in the proof of Lemma 3.6, we may find a set S° C (R, R+6) n£ (u, xo) (S 6 ] R^, and z fc -> tu in L*> (S 6 ', R*). It follows that 3 fc -> tu weakly in W^SajR*), and using (3.6), (3.7) and (3.11) we have F(z k ,S s )<F(v,A(x Q ,R-6,R)) 0 , R, r k )) + F(uW,A(x Q , r fc , R + 6)) and thus
Hence 1l(w, dB) < 2e and the conclusion follows by letting e tend to 0. 
